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Plan of the talk

• The Non-Thermal Universe: Outstanding Examples

• Turbulence in Highly Magnetized Plasmas

• Relativistic Turbulence - high-  regime

‣ Pulsar Wind Nebulae

‣ Gamma-Ray Bursts

• Non-Relativistic Turbulence - low-  regime

‣ Solar Corona

• A few key takeaways

σ

β
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Energy spectrum of cosmic rays
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Crab NebulaSources of non-thermal radiation

Core M87

Crab Nebulae (Meyer et al. 2010)

Core M87 Galaxy (Algaba et al. 2021)

Crab Nebula
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Magnetized environments (nonrelativistic vs relativistic regimes)

σ =
B2

4πρc2
≃

4
β

kBT
mic2

σ ≪ 1 σ ≫ 1

Crab NebulaBig Red Ball

Parker Solar Probe M87 Jet
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Crab NebulaLarge scale separation

• Upper Solar Corona (  above 
photosphere):

∼ 108 m • M87* (close to event horizon, with large 
uncertainties):

 λmfp,p ∼ 108 m
ℓkin ∼ ρp ∼ 10 m
(R⊙ ∼ 7 × 108 m)

Credit: D. Seaton Credit: A. Chael

Simulated M87 jet at radio frequency of 86GHz 

 λmfp,p ∼ 1020 m
ℓkin ∼ ρp ∼ 5 × 103 m
(RS ∼ 2 × 1012 m)
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Crab Nebula

dissipation of energyflux of energyinjection of energy

energy-containing 
range

dissipation 
range

plasmoid 
range

 l=2π/kf  λ =2π/k  λd=2π/kd 

inertial range

 *  * 
energy-containing 

range inertial range dissipation 
range

 l=2π/kf 

flux of energyinjection of energy dissipation of energy

 λd=2π/kd 
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Turbulent energy cascade in large magnetized systems



Comisso | UW-Madison 2023   

B0

Particle-in-Cell

Comisso and Sironi 2022

Dong+ 2022

MHD

Turbulent energy cascade in large magnetized systems

Magnetic Reconnection
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0.7

0.4 0.1−

radio-IR

optical

UV peak
130 keV break (?)

COMPTEL bump (?)

synchrotron
limit ~ 100 MeV

IC bump

• An isotropic distribution of electrons would imply 
 with  (shocks give )dN/dγ ∝ γ−p p = 1.6 p ≥ 2

• Spectrum of radio emitting electrons with 
 is a common feature of most PWNeνFν ∝ ν0.7

• What physical processes operating in the Nebula 
produce its emission spectrum?

?

Relativistic turbulence in pulsar wind nebulae

Zanin 2017, Lyutikov et al 2019
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Relativistic turbulence in gamma ray bursts

From Fermi-GBM Catalog

Sample GRB Lightcurves (From BATSE Catalog)

seconds since trigger seconds since trigger seconds since trigger

ra
te

 (
co

un
ts

/s
ec

)

Properties of Gamma-Ray Bursts:

• flashes of gamma-rays

last from   to 

emission with energy peak at  

• up to  in isotropic 

equivalent luminosity

• isotropic directional distribution 
(cosmological origin, detected at 
redshift as high as )

∼10−2s ∼103s

Epk ∼ 0.1 − 10 MeV

Lγ ∼ 1054erg/s

z ∼ 9 Credit: NASA

    10

νF
ν νF ν

∝
νs

Steep spectrum: typically  s ∼ 0.5 − 1.3

Theoretical limit for fast cooling electrons  s ≤ 0.5
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Parker Solar Probe

Nonrelativistic turbulence in the solar corona

Cohen et al. 2020

    11
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1940 1960 1980 2000 2020

Working toward a solution of the problem: Timeline

nonrelativistic regime
Fully-Kinetic Simulations

Comisso & Sironi 2022

Fully-Kinetic Simulations
relativistic regime

Zhdankin+ 2017 
Comisso+ 2018 
Nattila+ 2021    
…….

Test-Particle Simulations
with MHD fields

Ambrosiano+ 1988 
Gray & Matthaeus 1992   
Dmitruk+ 2003       
…….

Hybrid Simulations
Servidio+ 2012 
Kunz+ 2016 
Arzamasskiy+ 2019    
…….

Test-Particle Simulations
with prescribed fields

Brinca 1984      
Decker & Vlahos 1986     
…….

Fermi Toy Model
Fermi 1949

Quasilinear Theory
Kennel & Engelmann 1966 
Hall & Sturrock 1967     
Lerche 1968               
…….

nonrelativistic regime
Fully-Kinetic Simulations

relativistic regime
Fully-Kinetic Simulations
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Fully kinetic treatment of the plasma

Evolution of the electromagnetic field:

Evolution of the particle distribution function (for each species):

1
c

∂B
∂t

= − ∇ × E

∇ ⋅ B = 0

1
c

∂E
∂t

= ∇ × B −
4π
c

J = ∇ × B −
4π
c ∑

s

qs ∫
p

γms
fs(x, p, t)d3p

∇ ⋅ E = 4πρ = 4π∑
s

qs ∫ fs(x, p, t)d3p

∂fs(x, p, t)
∂t

+
dx
dt

⋅
∂fs(x, p, t)

∂x
+

dp
dt

⋅
∂fs(x, p, t)

∂p
= 0

e.g., Lorentz force:
dp
dt

= q(E(x, t) +
p

γmsc
× B(x, t))

Can include other forces 
(e.g. radiation-reaction)
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PIC code: TRISTAN-MP 
(Spitkovsky 2005)

Particle-in-cell approach on supercomputers

+ Stampede2 (NSF), Ginsburg,…

Pleiades (NASA)

Cori (NERSC)

Theta (INCITE)

Radiation-Reaction (reduced Landau-Lifshitz form):
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•  cells;  particles

• Turbulence seeded by initializing a 
spectrum of magnetic fluctuations

• Strong turbulence:  

• electron-positron plasma:  

• Physical size:    

• High plasma magnetization:

24603 ∼2×1011

δB0/B0 = 1

mi/me = 1

L3 = (820de)3

σ0 =
δB2

0

4πh0
= 5 − 40

B0

More details in Comisso and Sironi 2018/19

Turbulence on supercomputers: simulations features [relativistic regime]
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Relativistic turbulence [fly-through along the  direction]B0 ̂z

    16

 ,   ,  ,   δB/B0 = 1 σ = 10 L3 = (820de)3 mi/me = 1
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Comisso+ 2018, ’19, ’20

σ0 =
δB2

0

4πρc2• Particle Heating with  Δγ ∼
1
2

δB2
0

8πn0mec2
=

σ0

4

• Non-thermal Particle Acceleration with    up to   

and converged power law index  

Δγ ≫ σ0/4 γcutoff ∼ (eB0/mec2) l
p = − d log N/d log γ

(see also Zhdankin+ 2018 for ;  Nättilä & Beloborodov 2021 for )σ0 ∼ 1 σ0 ≫ 1
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Development of nonthermal power-law tails in relativistic turbulence
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Particle energization as a two-stage process

Particle energization occurs via a 
two-stage acceleration process:

1. Particle Injection (via magnetic 
reconnection)

2. Stochastic Acceleration (via 
scatterings off larger scale 
turbulent fluctuations)

0 2 4 6 8 10 12
ct/l

100

101

102

103

γ

(a)
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• This acceleration occurs when 
particles experience high |Jz |

1st acceleration stage (particle “injection”)

0.0

1.0

2.0

3.0

4.0

y/
l

0.0 1.0 2.0 3.0 4.0
x/l

| Jz|  ≥  2 Jz,rms

0 5 10 15 20

|Jz,p| /Jz,rms
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10
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10
0

10
1

P
D

F

high-energy particles at tinj

all particles at ct/l=2.5
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1st acceleration stage (“injection” via magnetic reconnection)

•  energization is critical initially (low -range)v ⋅ E∥ Δγ

• The injection stage gives   (Comisso and Sironi 2018, 2019)Δγinj ∼ 3σ0

    energization is responsible for further accelerationv ⋅ E⊥

dγ
dt

∼
e

mec
βrecδBrms

    20
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1st acceleration stage (“injection” via magnetic reconnection)

•  energization is critical initially (low -range)v ⋅ E∥ Δγ

• The injection stage gives   (Comisso and Sironi 2018, 2019)Δγinj ∼ 3σ0

    energization is responsible for further accelerationv ⋅ E⊥

dγ
dt

∼
e

mec
βrecδBrms
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1st acceleration stage (“injection” via magnetic reconnection)

•  energization is critical initially (low -range)v ⋅ E∥ Δγ

• The injection stage gives   (Comisso and Sironi 2018, 2019)Δγinj ∼ 3σ0

    energization is responsible for further accelerationv ⋅ E⊥

dγ
dt

∼
e

mec
βrecδBrms
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What if we artificially remove the magnetic-field-aligned electric fields?

    23
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self-consistent particles

test particles with no E||

• The normalization drops by  orders of magnitude (only 
 of the particles in the nonthermal tail)

2
∼ 0.2 %
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• Fokker-Planck equation in energy space:

• Mean rate of change of  due to stochastic accelerations:

• PIC simulations give

γ

∂f(γ, t)
∂t

= −
∂
∂γ (Aγ f(γ, t)) +

∂2

∂γ2 (Dγ f(γ, t))
Aγ =

d⟨γ⟩
dt

=
1
γ2

∂
∂γ (γ2Dγ)

d⟨γ⟩
dt

∼ 0.4σ( c
l )γDγ ∼ 0.1σ( c

l )γ2

stochastic acceleration for  γ > γσ

2nd acceleration stage (stochastic Fermi acceleration)
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Two-stage acceleration produces an energy-dependent pitch-angle anisotropy

✓  injection phase: 
dγ
dt

∼
e

mec
βrecδBrms

✓  stochastic acceleration: 
d⟨γ⟩
dt

∼ 0.4σ( c
l )γ

 @ low- ,  strongly anti/aligned with  γ v B

 @ high- ,  mostly perpendicular to  γ v B
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Synchrotron radiation from the accelerated electrons

Synchrotron power radiated by one electron: 
Psyn = 2σTc(B2/8π)γ2 sin2 α

individual 
electron 
spectra

superposition

Particles distributed as  
dN/dγ ∝ γ−p

lead to synchrotron energy flux  
νFν ∝ ν(3−p)/2Typical frequency of synchrotron photons: 

ν ∼ γ2νL sin α (νL = eB/2πmec) (Hp:  doesn’t depend on )sin α γ
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Synchrotron spectrum accounting for energy-dependent pitch-angle anisotropy
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 For ultra-relativistic particles ( ):γ ≫ 1

Comisso et al. 2020

        

Nγ ∼ γ(dN/dγ) ∝ γ1−p

Psyn = 2σTc(B2/8π)γ2 sin2 α ∝ γ2+2q

νFν ∼ NγPsyn ∝ γ3−p+2q

ν ∼ γ2νL sin α

νFν ∝ ν(3−p+2q)/(2+q)

νFν ∝ ν(3−p)/2

for νmin < ν < νcrit ∼ γ2
critνL

for νcrit < ν < νmax ∼ γ2
maxνL

(νL = eB/2πmec)

    27
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Synchrotron spectrum accounting for energy-dependent pitch-angle anisotropy
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Nγ ∼ γ(dN/dγ) ∝ γ1−p
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Synchrotron spectrum accounting for energy-dependent pitch-angle anisotropy
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Nγ ∼ γ(dN/dγ) ∝ γ1−p
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UV peak
130 keV break (?)

COMPTEL bump (?)

synchrotron
limit ~ 100 MeV

IC bump

Crab Nebula
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Tackling turbulence in the fast synchrotron cooling regime

PIC simulations with  cells30723

FRR =
2
3

r2
0[(E + β × B) × B + (β ⋅ E)E] −

2
3

r2
0γ2β[(E + β × B)2 − (β ⋅ E)2]

(L/de = 1024)

• Strength of  parametrized by  s.t. 

• For ultra-relativistic particles :   

• Nominal  assumes:                                    
  and  

• Here I’ll show results for:                     
   

FRR γ FRR = Facc

(γ ≫ 1, β ≃ 1)

γrad =
3m2

e c4

2e3

E
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⊥

γrad
E = βrecδB0 ⟨sin2 α⟩ = 2/3

γrad = 75, 125, 200, ∞ (σ0 = δB2
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Comisso and Sironi 2021
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Extreme particle acceleration and abrupt cooling
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• Particles with  thanks to 

• Energy radiate away in fraction of gyroperiod:

 when 

γ ≫ γrad |cos α | ∼ 0

τcool(γ ≫ γrad) ≪ γrad/(ωLE/B) sin α ∼ 1

    31(see Nättilä & Beloborodov 2021 for IC) 
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Radiative turbulence produces hard synchrotron spectra
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(a)
1. Energy carried away by radiation within a 

few eddy turnover times 

2. Excess of synchrotron radiation above  
(as high as )

3. Hard synchrotron spectrum  

(exceeds the limit ) 

‣ 2 & 3 are due to acceleration with
 thanks to reconnection

✓ Radiative relativistic turbulence can 
potentially explain hard  spectra
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νrad
35 %

νFν ∝ νs

s = 1/2

|cos α | ∼ 0

νFν

σ0 = 50

    32Comisso and Sironi 2021



Comisso | CDY Seminar 2023       33

Nonrelativistic turbulence in highly magnetized (low ) plasmasβ

B0

 ,   ,   ,  δB/B0 = 1 β = 0.08 L3 = (60di)3 mi/me = 50
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B0

 ,   ,   ,  δB/B0 = 1 β = 0.08 L3 = (60di)3 mi/me = 50
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Power spectra from low-  PIC simulationβ

Comisso and Sironi 2022Alexandrova et al. 2013

 k =
2πf
vsw

Magnetic power spectrum of Solar Wind

Nonrelativistic turbulence in highly magnetized (low ) plasmasβ
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Magnetic reconnection occurring within the turbulent cascade
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Energization of ions and electrons

  from tracked particlesfi,e(Wtot, W∥/Wtot)

• Ions gain energy almost entirely via E⊥

• Electrons acceleration is initiated by E∥

    36
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• Two-stage acceleration process:  

     (1) particle injection

     (2) stochastic Fermi acceleration

W∥,⊥(t) = q∫
t

0
E∥,⊥(t′￼) ⋅ v(t′￼) dt′￼ε = (γ − 1)msc2

 

     (1) particle injection

     (2) stochastic Fermi acceleration
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Power-law tails develop self-consistently

ε = (γ − 1)msc2

(s = i, e)

Self-consistent development of nonthermal power-law tails

fs(ε) dε ∝ ε−pdεp=3.7
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p=3.7
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Test-Particles in MHD fields failed to produce power laws
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A few key takeaways

    38

• Fully Kinetic Simultaneous Treatment of Turbulence, 
Reconnection, and Particle Acceleration 

• High-Energy Particles are Generated Self-Consistently as  
a By-Product of Turbulence + Reconnection

• Particle Acceleration Follows a Two-Stage Process

‣ 1st stage - particle injection by magnetic reconnection

‣ 2nd stage - nonresonant Fermi-like stochastic 
acceleration

• Turbulence + Reconnection Generate Anisotropic Pitch 
Angle Distributions

• Anisotropic Pitch Angle Distributions affect the 
Synchrotron Spectrum produced by the Energetic Particles


